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SCOPE

In the annular regime observed for gas-liquid transport
in a pipeline, a liquid layer flows along the wall and a
high velocity gas stream flows concurrently. The liquid
layer has an agitated wavy surface, and it can be entrained
into the gas. This entrained liquid is carried along as drop-
lets with a large range of diameters. The roughened inter-
face causes an increase in the drag of the gas on the liquid
7; and, consequently, a larger frictional pressure loss than
would exist if the gas were flowing in a smooth walled
channel.

Hewitt and Hall-Taylor (1970) have recently shown how

a knowledge of 7;, the time averaged height of the wall
layer m, and the fraction of the liquid entrained E =
Wie/WL play central roles in the development of improved
design relations for systems operating in this flow regime.
This paper presents correlations for r; and m under con-
ditions that E is known. The principal contributions are
that direct relations with controlled variables are devel-
oped and that a comprehensive review of available mea-
surements is undertaken. The chief limitation is that the
correlation is based entirely on measurements with the
air-water system.

CONCLUSIONS AND SIGNIFICANCE

Two dimensionless groups are found to be of primary
importance. One of these, F, which characterizes the flow
condition, is quite similar to the Martinelli flow parameter.
The other, G, is a measure of the importance of gravity g
relative to the gas drag =;.

The friction factor for annular flows f; is found to in-
crease linearly with F for vertical upflows:

-L=1+1400F

s

where f; = 0.046 Rec—d~20 is the friction factor for a
smooth walled tube. For vertical downflows, the gravity
G group can also be of importance, and we recommend
either the use of the following equation
o | )]
pLEM

or Equation (45) to approximate the term r,/prgm. For

—?—:1+1400F[1—-exp(—-

s

horizontal flows, we base the friction factor f; on the
average shear stress r; around the circumference. From
the very limited amount of data available, we tentatively
recommend the following equation:

-;-'-= 14 850F

8
For vertical upflows and downflows, we find that the
ratio of the height of the wall layer to the hydraulic
diameter is given as

m 6.59F
d. = (1+ 1400F)%

For horizontal flows, we define m as the average height
of the wall layer around the circumference. Data avail-
able for horizontal flows are not sufficient to establish an
accurate relation for m. However, they indicate that the
equation for vertical flows underpredicts m/d;, so we
tentatively suggest that (m/d) = (6.59F)/(1 4+ 850F)*.

Presently available direct correlations of m with con-
trolled variables use measurements of the void fraction 8
and the assumption that all of the liquid is flowing in
the wall layer; that is, the equation

_ 4m
T odt

For example, from the correlation for 8 developed by

(1)
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Martinelli and his co-workers from data on small diam-
eter horizontal pipelines (Butterworth, 1974), the fol-
lowing equation is obtained for the height of the wall

layer:
4m ( 4m ) .
_— 1 - — )} =0.28Xx071 2

A / a @)

Here X is the Martinelli flow parameter which is a func-
tion of the ratio of the liquid and gas viscosities and
densities and the gas Reynolds number. For Rer < 1000,
RGG > 1000
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and for Rey, > 1 000, Reg > 1000

X=Xy (%)0.1 (%)o.s (‘%%)0.9 (4)

The Reynolds numbers used to characterize the flow of
the liquid and the gas in the above equations are calcu-
lated as if the liquid or gas were flowing alone in the
conduit; that is

W, W

WL ond Re = daWe

Re L =
thL Aypg

Hewitt and Hall-Taylor (1970) find that the Martinelli
correlation can overpredict the liquid volume fraction by
as much as 100% for upward annular flow of air and
water in a 3 cm tube. Analyses presented by Hewitt and
Hall-Taylor (1970) indicate that a void fraction cor-
relation of the form g/(1 — B) = f(X), suggested by
Martinelli, implies that all of the liquid is flowing as a
layer on the wall. The overprediction of the liquid frac-
tion and consequently the wall layer height by (2) could
then be explained because some of the liquid is flowing
as entrained droplets. Their analysis suggests that a
better correlation for m might be obtained if X is calcu-
lated from the liquid flow rate in the wall layer Wip
rather than the total liquid flow rate Wy.

One of the first analytical treatments of the effect of
an adjoining gas flow was performed by Semenov (1944).
He attempted to calculate the onset of flooding as a
function of interfacial shear due to a concurrent or coun-
tercurrent gas stream, His results are only applicable
to a laminar liquid film in the absence of waves.

More recent correlations for the height of the wall
layer have involved the development of complicated tri-
angular relations among m, =, and E as outlined in the
book by Hewitt and Hall-Taylor (1970). The basic as-
sumptions used in these works are that the variation of
the velocity, mixing length, or eddy viscosity in the wall
layer is the same as for a single-phase flow and that the
interfacial stress is strongly related to flow character-
istics of the wall layer,

Hoogendoorn and Welling (1965) calculated heights
of the wall layer assuming rectilinear laminar flow. An-
derson and Mantzouranis (1960) did a similar analysis
but used the universal velocity relation developed for
turbulent flow close to a wall. These works implicitly
assumed a constant shear stress in the liquid equal to =;.
Levy (1966) recognized the importance of the variation
in shear stress but then neglected it in performing an
analysis similar to that of Anderson and Mantzouranis.
Shearer and Nedderman (1965) used the actual shear
distribution in the momentum equation but integrated it
only for the laminar flow case. Collier and Hewitt (1961)
suggested that the effect could be allowed for by use of
a correction factor derived from a consideration of sheared
laminar flow,

The most systematic approach to calculation was pre-
sented by Dukler (1959). In considering downward flow,
he used the actual shear stress distribution and a two
region eddy viscosity model in the momentum equation.
This was integrated numerically in one region and ana-
lytically in another to give a dimensionless film height
as a function of film Reynolds number and a parameter
related to shear variation in the film. Results were pre-
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sented graphically. Later, Hewitt (1961) performed the
corresponding analysis for upward flow, pointing out a
mathematical error in Duklers work. His results were
presented tabularly,

The interfacial drag 7; is directly related to the fric-
tional pressure gradient through the force balance

_ (d¢ — 2m) dPF
4 dz (5)

where d; is the tube diameter. Consequently, = can be
calculated from empirical relations for dpy/dz for two-
phase flows such as developed by Martinelli and his
co-workers. Recently, it has been suggested that more
accurate relations for =; for annular flow can be obtajned
by directly taking into account some of the features of
the phase distribution that exist in this regime.

Calvert and Williams (1955) argued that the pro-
jected area for drag caused by the wavy interface could
be characterized by the thickness of the wall layer. They
presented an empirical dimensional relation which showed
an increase of the drag coefficient with increasing m.
Levy (1966), and later Wallis (1969), presented cor-
relations of interfacial friction factor with the ratio of
film thickness to pipe diameter. Levy argued that the
shear stress in the liquid could be estimated by an or-
dinary mixing length model for which the magnitude of
the mixing length would depend only on the distance
from the solid wall. Anderson and Mantzouranis (1960)
presented friction factors correlated with the height of the
wall layer made dimensionless with all parameters rather
than the pipe diameter. Shearer and Nedderman (1965)
and Gill et al. (1963) nondimensionalized the height in
the same way but used an effective roughnesses, ana-
logous to Nikuradse’s sand roughnesses, instead of a
friction factor.

In this paper, an approach similar to that of Dukler
(1959) and of Hewitt (1961) is used to develop a rela-
tion for the film height. An equation for the velocity dis-
tribution in the wall layer is obtained from the macro-
scopic force balance equation by using the van Driest
mixing length model. This is integrated to give the
height as a function of the volumetric flow. By using an
appropriately defined average shear stress, rather than =,
to characterize the stress, a correlation is developed which
is not very sensitive to shear stress variation in the liquid
layer. Data on r; are shown to correlate with a combina-
tion of controlled variables suggested by the analysis for
the height of the wall layer and the observation that
pressure drop is strongly dependent on this height. This
approach is found to be superior to the correlations dis-
cussed by Hewitt and Hall-Taylor (1970) that relate =
directly to m, since m itself is strongly dependent on ;.
An equation for the height of the wall layer in terms of
controlled variables is obtained by eliminating r; from
the height relation derived from the momentum balance
equation. These final relations of + and m to controlled
variables developed from recent theories are found to
be quite similar to those suggested from the earlier work
of Martinelli and his co-workers.

T —

DATA USED TO DEVELOP AND TEST THE
CORRELATIONS

The relation developed for the height of the wall layer
was tested with height measurements of free falling layers
and with gas-liquid flow experiments in vertical tubes
for which the height, frictional pressure drop, and en-
trainment were measured. The gas-liquid flow experi-
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TapLE 1. DaTa o~ Pressure Drop anD FiLm HEIGHT FOR AR-WATER SYSTEMS

Reg

5 000-25 000
17 000-159 600
25 000-104 000
75 000-164 000
25 000-112 000
52 000-255 000

5 000-33 000
56 000-112 000
40 600-100 000

Wwillis (1965).

Whalley, et al. (1973)

Gill, et al. (1963)

Collier and Hewitt (1961)

Chien and Ibele (1964)
Charvonia (1959)

Wright and Laufenbrenner (1975)
Butterworth (1973)

Swanson (1966 )

ments were also used to develop the relation for the
interfacial stress. The interpretation of experiments with
horizontal flows is more complicated than with vertical
flows, since the height of the wall layer and the stress
at the interface depend on the location on the tube wall.
No attempt was made to predict this circumferential
variation. The correlations developed from the vertical
flow data were tested only with respect to their ability
to predict a circumferentially averaged height and in-
terfacial stress. The range of variables covered in the
experiments is summarized in Table 1.

Measurements for gas-liquid upflows were obtained
from the studies of the United Kingdom Atomic Energy
Authority at Harwell with various amounts of entrain-
ment and from a paper by Willis (1965). The Harwell
group measured the height of the wall layer with a
conductance technique. Willis was able to use holdup
measurements to calculate m, since entrainment was
negligible in his experiments. Charvonia (1959), who
studied gas-liquid downflows, measured m by light ab-
sorption. He reported negligible entrainment. Chien and
Ibele (1964) did a similar study. They did not measure
entrainment but reported the point at which it began
to be significant. Only data for which it was not im-
portant were used. Wright (1975) worked in downflow
with no entrainment and measured m by a conductance
method.

Considerable data on the height of the wall layer and
on pressure drop were published by the CISE Labora-
tory (Alia, 1965), but, since entrainment was not mea-
sured, they were not used. This is unfortunate, since
fluid pairs other than air-water were investigated. Webb
(1970) worked with downflow in the same equipment
used for the upflow experiments at Harwell, He reported
all pertinent variables, but his pressure drop measure-
ments appear to be in error. They are systematically lower
than measurements made in other laboratories under the
same conditions. Some of his results are well below the
expected values for a smooth tube. Chu (1973) also re-
ported all variables of interest, but in his case the wall
layer height measurements appear to be in error, since
his results for free falling films are considerably lower
than the values calculated from established relations for
turbulent conditions. The experiments in horizontal flows
by Butterworth (1973, 1974) and by Swanson (1966)
reported the thicknesses of the wall layer at several points
around the circumference. These were used by simply
taking an arithmetic average. Interfacial stresses were
calculated from their measured pressure drops as though
they did not vary with circumferential position. Both
workers used a conductance method to measure film
heights. The correlations developed by Brauer (1936)
and by Feind (1960) from free falling turbulent wall
layers were also used. Brauer used a probe that made
electrical contact with the liquid to determine m; Feind
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Flow Key to

Rerr D(cm) direction figures
230-1 280 1.28 Up +
350-3 450 3.18 Up Q)
150-4 300 3.18 Up m
35-335 3.45 Up A
1 150-15 100 5.08 Down X
20-1 200 6.35 Down &
850-7 700 2.54 Down A
3 750-9 250 3.18 “Horizontal ®
1 000-9 100 2.54 Horizontal ®

used a drainage method with various fluids whose kin-
ematic viscosities varied from 1 to 19.7 centistokes.

RELATION FOR FILM HEIGHT

The General Solution

The distribution of shear stress  for a fully developed
wall layer in a vertical tube is obtained by a simple
force balance:

1 2R? g
T=_(wa— PLE )+"Lg r (6)
r 2 2

The quantity g includes the combined influence of gravity
and the pressure gradient on a fluid element; that is

1 dp

=P 7
for downflow, and

~ 1 |dp

g= ol Bl g (8)

for upflow. :

For single-phase flow a characteristic shear stress is
usually defined as 7w. In annular flow, the choice is not
so straightforward, since rw can approach zero or even
be negative and since there is an imposed shear stress
at the interface 7. Hughmark (1973) suggested using
a characteristic shear stress 7, which is an arithmetic
mean of r; and 7w.

The characteristic shear used in this paper is a weighted
average of rw and =

2 m 1 ~
TC—TW(I——S——C—Z—)—?pLgm (9)
which, for m/d, — 0, is given as
2 1
'rc=§-'rw+-§-n (10)

This choice has the advantage that in the range of m/d,
usually encountered in annular flow, the eflect of a pa-
rameter which characterizes shear variation in the 'iquid
is minimized. This simplified the relation between the
dimensionless height and the Reynolds number in the
many cases where the effect of this parameter am~ can
be neglected.

A dimensionless form of the force balance can be
written as

1
1— —amt
R+ 3

R* —y+

+ =

T

1 mt

3 R*
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f y+

]_ —_
y+ 9R+
+ am* m — (11)
m y
-z

where r has been normalized with respect to 7. and m,
R, y, with respect to the friction velocity

=(Z2)
u =
PL

and the kinematic viscosity »r. The parameter « is de-
fined as

a= — 5:; (12)
so that
am?t = — 5:: (13)

The shear stress distribution in the liquid is related
to the velocity gradient by using an eddy viscosity, concept

+—(1+ ¢ )d"+ (14)
T vy, dy+

The variation of e/vy is obtained from the van Driest
mixing length relation derived for single-phase flows:

l:xy[l—exp (———‘l—/ﬂ)] (15)

A
e  [Du? du* (16)
VL - vi2 dy"'

The parameter A, which characterizes the thickness of
the viscous wall region, was given by van Driest as

A=26 (17)

Kays (1970) has argued that A should be a function of
the pressure gradient. From the empirical relation pre-
sented by him, we get

A = 26 + 65 000 (am*)2 (18)

Use of the above relation for eddy viscosity implies
that the eddy viscosity profile in a highly sheared thin
film with waves is the same as that for single-phase flows.
The validity of this fundamental assumption will be
demonstrated a posteriori by the degree of success in
correlating experimental data.

Equation (14) can be integrated to get the velocity
distribution in the wall layer by using Equation (11)
for the stress distribution and (15), (16), (17), or (18)
to calculate the variation of eddy viscosity., The volu-
metric flow rate in the wall layer Q can then be calcu-
lated from this velocity distribution. From such a cal-
culation, the dimensionless film height will have the fol-

lowing functionality:
m*
). (19)

where Re r = 4Q/Pv, and P is the tube perimeter.

m* = f( RGLF, am+,

Solutions for Small m*/R+

It is found that over the range of m*/R* of interest
in gas-liquid flows the influence of this parameter can
be neglected, so that the solutions are the same as for
the flow of a layer along a flat wall. This is illustrated
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w0’ 0% 03

Rer

10 10

Fig. 1. Effect of radius on thickness relation.

by the calculated results shown in Figure 1. These were

obtained with « = 0.40 for the case of am* = 0,
Consequently, solutions are developed for m*/R+ — 0.

In this limit, the characteristic shear is given as 7. =

w — 1/8 prgm. The dimensionless shear distribution is

) @

1 +
7"':1-—--3—(am+) +am+(1!7/1+

and the parameter am™ is given as

-1
amt = — (21)
T 2
~ + -
pLgm 3
or as
=1
amt = ———————— (22)
W 1
pLgm 3

The values of am* for several limiting cases can be seen
immediately. For a high velocity gas core, r; is very large
and am* == 0. Also, in horizontal flow

dt dp

Ti _4—_ dz
pigm B
dz

is a large number and am* = 0. Thus, em* may be
expected to be near zero for the type of flows usually
existing in the annular regime. For free falling layers, =;
= 0 and am* = — 8/2. For a very low gas velocity in
vertical upflow, the shear at the wall can be small relative
to 7; and will be zero when am* = 3. Thus, the range of
amt is 43 to —3/2, with positive values corresponding
to upflow and negative values to downflow.
For laminar flows

dut
= 3y
so that du . ”
g ::1—?(am+) +am+( — ) (23)
The volumetric flow relation calculated from (23) is
Re = 2m*2 (24)
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Fig. 2. Dimensionless wall layer thickness, A = 26.
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Fig. 4. Comparison of calculated thickness relation with correlations
for free falling layers.

ar
m* = 0.707 Re®*

It is noted that the dependency on am* does not appear
in this relation. This is a consequence of choosing a
characteristic stress defined by Equation (9).

For extremely large Rerr, a friction factor for the
liquid flow can be defined which is the same as for
single-phase flows:

™w
Yopru?
and the characteristic stress is given as

= 0.046 Re,, 020 (25)

™

LA (26)

l1——amt
3

Then, the dimensionless height of the wall layer is

Te
m —

mt = PL
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Rer

Fig. 3. Dimensionless wall layer thickness, A — 26 + 65000 (am™*)2,
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/02 kK=040
*
m
0!
VAV .90\ 2.5)40
[(707RELF ) * (.0379RELF II
0
10 -
0! 0?2 103 w0* 10°
Re; p

Fig. 5. Comparison of calculated thickness relation with data for
vertical annular flows. (See Table 1 for key).

_mug 0.023 1

- Rey 020 1
- oLr l1— —am*
Rerrp

=7 (0.152 Re—010)

0.0379 Rep %%
_ eLF (27)

1
.\/1——am+
3

For am* = 0, this is simply
m* = 0.0379 Rerp"*° (28)

This computation of the asymptotic behavior for large
Reyr is limited to a range of am® where the single-phase
friction factor relation might be expected to hold. For rw
= 0 this is not the case, and, in fact, (27) gives an in-
determinate form for the relation between m* and Rerp.

It is to be noted that neither (27) nor the equation for
laminar flow includes A. Thus, the influence of this pa-
rameter should be limited to an intermediate range of
liquid Reynolds numbers.

Computed values of m* are plotted in Figures 2 and
3 using the van Driest relation for eddy viscosity with
« = 0.40. These two figures correspond to cases for which
the constant A in the van Driest relation is given by
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(17) and (18), respectively. At small enough Rerr,
the height relation follows Equation (24) for laminar
flow; at larger Rerp, it follows Equation (27) for am*
< 2.4. As expected, the effect of A is limited to a transi-
tion region.

Comparison with Measurements

For free falling films, , = 0 and am* = — 3/2. In
Figure 4, the calculated relationship between m* and
Rerr with A = 26 is shown for this case. For comparison,
the measurements made by Brauer and Feind for tur-
bulent free falling films are also shown. Good agreement
is noted

The calculated curve can be represented by

m* = [(0.707 Re"3)5 + (0.031 Red%0)5]1/5  (29)

over its entire range. Note that for free falling films

. m3/2 \/ %g
mt=— " (30)

YL

Te = \/ - pLEM

For gasliquid flows, am™* is rot fixed as for free
falling films but can vary between 0 and 3 for upflow
and 0 and — 3/2 for downflow. Figure 2 shows the cal-
culated relation between m* and Rerr for different values
of am*, with A = 26. The possible variation is seen to
be fairly large.

However, for the vertical gas-liquid flow data sum-
marized in Table 1, virtually all the experimental values
of am* are considerably less than their possible maxima.
About 90% of the data points are less than half of the
maximum, and only a few approach it. In fact, as shown
in Figure 5, the data are represented quite well by the
calculated curve for am* = 0. (The key to the symbols
used for the data points is given in Table 1.) A closer
examination of the data has not revealed any consistent
influence of am*, and it is not presently possible to
distinguish whether Equation (17) or (18) is the better
one to use.

Therefore, the available data for gas-liquid vertical
flows are represented reasonably well by the following
empirical fit to the calculated relation for am* = 0,

m* = [(0.707 Rep03)25 + (0.0379 Rep0-99)2.5040
(32)

since

(81)

This relation is simply an empirical matching of the
asymptotes given in Equations (24) and (27) for am™
= 0. Neither the form nor the indexes have any special
significance. Equation (29) is a similar result.

It has been suggested that for thin turbulent wall
layers, the von Karman constant should be taken as 0.60
rather than its usual value of 0.40 (Miya, 1970). The
dotted line in Figure 5 shows the calculated height rela-
tionship for am®™ = 0 with « = 0.60. The change is
not great, and it is difficult at this time to say that value
different from « = 0.40 would produce a better correla-
tion.

For horizontal gas-liquid flows, am* = 0. A compari-
son of the calculations with a circumferential average
of the height measurements of Swanson and of Butter-
worth is given in Figure 6. The spread of the data about
the calculated curve is about the same as for vertical
flows. Until more data are available, it would appear
that (32) should be used to approximate the heights
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Fig. 6. Comparison of calculated thickness relation with data for
horizontal annular flows. (See Table 1 for key).
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Fig. 7. Friction factor as a function of wall-layer thickness.
(See Table 1 for key).

of the wall layer for horizontal as well as for vertical
gas-liquid flows.

RELATION FOR THE INTERFACIAL STRESS
Development of an Equation for 1;

As mentioned in the introduction, the work of a num-
ber of previous investigators (Hewitt and Hall-Taylor,
1970, p. 87) would suggest that the ratio of the inter-
facial stress to that for a smooth wall can be correlated
by assuming it is primarily a function of the ratio of
the height of the wall layer to the diameter of the tube

Ti f,' ( m )
Ts fs f dy
This type of approach is illustrated in Figure 7, where

the interfacial friction factor is based on the superfacial
gas velocity

Ti

fi=

and the friction factor for a smooth surface has been
calculated from

(34)

Ve pcuc?

fs = 0.046 Reg—0-20 (35)

To be strictly consistent with the model of a roughened
tube, the height of the film should be subtracted from
the radius when the gas velocity is computed, and then
this should be taken relative to the surface velocity of
the liquid. However, this approach introduces tremendous
difficulties when eliminating variables later, and it has
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Fig. 9. Friction factor as a function of F, vertical flows.
(See Table 1 for key).
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Fig. 10. Friction factor as a function of F, horizontal flows.
(See Table 1 for key).
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relatively little effect on the friction factors. Consequently,
it has not been used.

Another method of correlating the data, shown in
Figure 8, would be to plot equivalent sand roughness
against m/d;, where the sand roughness is calculated
from Equation (20.35¢) given by Schlichting (1968).

One of the difficulties with the methods of correlation
shown in Figures 7 and 8 is that both the ordinate and
the abscissa are strong functions of the variable that is
being correlated. A superior approach can be developed

by using the relations developed in the previous section

to eliminate the dependency of the abscissa on ;.
For gas-liquid flows, it has been found that

mt = -y(ReLF) (36)

where y(Re) is the right-hand side of Equation (32).
From the definition of m* and Equation (33) for f,,
it follows that

Ti

m 6.59F —_—
—_—— (37)
2 i
fs
where
Re /
F= ‘Y( LF) vL .PL ( 38)
Rec®® g P

From the definition of 7, it can be shown that

2
2=/ 15 am* (39)

Te

Consequently, an assumption of the type made in (33)
suggests that fi/fs is strongly dependent on the function F
and only weakly dependent on am*:

fs
fs

Measured values of f;/f; are plotted against F in Figure
9 for vertical flows and in Figure 10 for horizontal flows.
By using F as the independent variable, the abscissa is
expressed entirely in terms of controlled variables.

Figure 9 confirms the suggested strong dependency on
F. The bulk of the data can be represented by the relation

fi

= g(F,am*) (40)

—1=1400F (41)

shown on the figure. However, while the upflow data
correlate quite well, there is much more scatter in the
downflow data. Most of these data points fall well below
the line represented by Equation (41).

A closer examination of the data in Figure 9 showed
that the points with the largest deviation tended to have
the lowest values of Reg, although the effect was not a
simple one. By trial and error, it was found that there
is a dependence on a closely related group r;/pgm. Figure
11 is a plot of

fi

fs

1400 F

or the ratio of measured to predicted friction factors,
against |ri/prgm|. There is seen to be a strong depen-
dence on 7/prgm at low values of the parameter but
little dependence at high values.
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In upflow, =; is necessarily very high to maintain annu-
lar flow; however, in downflow, =; can be very low or
even zero. Thus the upflow data do not show the in-
fluence of this group and correlate much better with F
than do the downflow data.

In downflows at zero gas velocity, the interface of the
free falling liquid layer is roughened by waves caused
by gravitational force prgm. As the gas flow is increased,
the wave structure changes until the wave shape is
characterized only by the drag force of the gas at the
interface 7 The influence of 7/prgm can therefore be
interpreted as due to a change of the characteristics of
the wave pattern. This is another reason why the height
of the wall layer is not an appropriate variable for the
correlation of friction factors.

The effect of the parameter r;/prgm can be eliminated

empirically by replacing F with
)]

F[l—exp(— ppe-

A plot of fi/f, against this group is shown in Figure 12,
and the data are seen to collapse fairly well.

The parameter ri/pLgm, although physically meaning-
ful, is not convenient to use since it is not in terms of
controlled variables. However, it can be rewritten as

fi/fs
m/ dt

Ti _ ) PGUG2f s
pLEM pLgds
1 fi/fs

T 2G m/d,

(43)

where

orgds

G= 5
pPGUG fs

(44)

If we use the relations developed above for f;/fs and m/d,

Ti
pLEM
(1 1400 [1 ( ki ) )])m
1 + F|1—expl|l — 1 g
G 13.9F
1 (1 1400F)%2
G 13.2F

Figure 13 shows the friction factor data, using Equation
(45) to eliminate r;/prgm. It does not do as good a job
of collapsing the data as Equation (42). However, it is
much more convenient to use because it is entirely in
terms of controlled variables.

It has been suggested that friction factors might also
depend on the amount of entrained flow because of their
effect on the gas core turbulence or their contribution to =;
due to momentum transfer associated with the exchange
of liquid between the core and the wall layer. These
effects should increase with increasing entrainment. In
order to explore this influence of entrainment, the plot
of (fi/fs)/(1 + 1400F) against (Wpg/W¢) shown in
Figure 14 was constructed. No noticeable influence of
(Wre/Wg) is indicated. The gas Reynolds number was
also tested in this same way, and again no influence was
noted.

Consequently, it has been concluded that any spread
of the data in Figure 12 represents errors or uncontrolled
extraneous effects and that the best correlation of friction
factors for vertical annular flows is
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Fig. 11. Effect of interfacial shear on friction factors, vertical flows.
(See Table 1 for key).
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Fig. 12. Final form of friction factor correlation, vertical flows.
(See Table 1 for key).
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Fig. 13. Approximate friction factor correlation, downflows.
(See Table 1 for key).
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s

([ 30 )]

For horizontal flows, Equation (46a) reduces to (41).
The comparison of the limited data available for horizon-
tal flows in Figure (10) suggests that it can overpredict
the value of (fi/f;) — 1 by as much as 150%. Con-
sequently, we would tentatively suggest that the follow-
ing relation be used for horizontal flows:
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Fig. 14. Effect of entrained flow on friction factors.

(See Table 1 for key).
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Fig. 15. Wall-layer thickness as a function of F, vertical flows.
(See Table 1 for key).
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Fig. 16. Wall-layer thickness as a function of F, horizontal flows.
(See Table 1 for key).

fi

s

=1 + 850F (46b)

This is shown in Figure 10 as another solid line,

RELATION FOR THE HEIGHT OF THE WALL LAYER
IN TERMS OF CONTROLLED VARIABLES

Equations (29) and (30) give the height of free fall-
ing wall layers in terms of controlled variables and con-
sequently are quite easy to use. This is not the case if
Figure 1 or 3 is to be used for gas-liquid flows. In order
to calculate m from m*, one needs the value of =, or of r;,
because

Te

Te = T

Ti
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c(14Ze)
The iterative procedure to be used for gas-liquid flow
would be to calculate first +; from (46a). A value for
am* is guessed, and 7. is calculated from 39). The
height m can then be obtained from Figure 2 or 3. A
new estimate for em* is obtained from Equation (13),
and the procedure repeated.

A more direct approximate method is available if it is
assumed that the height of the wall layer for gas-liquid
flows can be calculated reasonably accurately by assum-
ing am* = 0. Under these circumstances, we obtain from

(37) and (46a)
m
de

6.59F

1 (1 + 1400F)3?2

)

(48a)

This expression is rather insensitive to G and can be ap-
proximated by

m 6.59F
d: (14 1400F)%

A plot of measured values of m/d; against F is shown
in Figure 15. It is seen that (48b) is a good approxima-
tion of presently available measurements for vertical
gas-liquid flows.
A similar expression is obtained for horizontal flows by
combining Equation (37) and (46b):
m 6.59F (48¢)
—— T e C
dy (1 4 850F)*%
This is compared in Figure 16, with the measured values
of m/d, for horizontal flow. Agreement is not quite so
good as for the vertical case.

(48b)

Comparison with Martinelli’s Correlation

There are strong similarities between the method of
correlation presented here and that developed by Mar-
tinelli. If Wiy is used in place of Wy, in the Martinelli
flow parameters X, and Xy, the parameter F becomes
directly proportional to Xy at low Rerr

3 1 Rers™  pr  pc®s
- \/gReGOA Regts ;;- %8
= 0.0379 Xyt

and directly proportional to X;; at large Rerp:

0.0379 Rers®®  py pc®s
Reg®90 i

= 0.0879 X, (49b)

Thus, F may be thought of as a generalized Martinelli
parameter for turbulent gas flow using Wyp instead of W7y

The relations for wall-layer thickness and friction fac-
tor developed here can now be compared to Martinelli’s
work. The wall-layer thickness relation given in Equa-
tion (2) becomes

(49a)

HG PLO.S

i
t  — 0.98F0.7

1—42
dy

(50)

AIChE Journal (Vol. 22, No. 6)



This is drawn in Figure 16 as a dashed line for com-
parison with Equation (48b). Similarly, Martinelli’s fric-
tion factor results are shown as a function of F in Figure
10 for comparison with Equation (41). The shapes of
the curves are similar in both cases, but there are large
numerical differences.

It might be thought that because Martinelli's data
were for horizontal flow, his results would better fit the
horizontal flow data presented here, However, any better
agreement is marginal, and it is difficult to make a choice
on the basis of the small amount of data available.
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NOTATION

A = parameter in eddy viscosity relation

A; = cross-sectional area of the channel

d, = diameter of the gas core

d; = hydraulic diameter of the channel

D = diffusivity

E = fraction of liquid entrained, E = Wrg/Wy

fi = gas-phase friction factor based on interfacial
shear, fi = n/l/zpc'ugz

fs = gas-phase friction factor which would exist in a
smooth tube, f; = 0.046/Re%*0

F = dimensionless group containing flow rates and

. . v(Rewr) oL

fluid properties, F Roci® g =

g = acceleration of gravity

E = parameter showing combined eff:lects of gravity
and pressure gradient, g = —1-— L g

PL dz

G = dimensionless group characterizing gravity effects,
G = prgdi/ pcuic?fs

l = mixing length

m = thickness of the wall layer

m*t = dimensionless film thickness, m* = mu®/v

P = wetted perimeter of the channel

Q == volumetric flow rate

r = radial distance

r* = dimensionless radial distance, r¥ = ru®/»;,

R = tube radius

R = dimensionless tube radius, R* = Ru*/»;,

Rec = gas Reynolds number calculated as if the gas
filled the whole tube Req = diWe/Awuc

Rerr = Reynolds number of the liquid flowing in the
wall layer RGLF == 4WLF/[.LLP

L

u® = friction velocity, u® = \/ro/pr

ug = superficial gas velocity

u;, = average velocity in the liquid film

We = mass flow rate of the gas in the units of mass
per unit time

Wi = mass flow rate of the liquid in the units of mass
per unit time

Wiz = mass flow rate of entrained liquid

Wir = mass flow rate of the liquid in the wall layer
X, Xy, Xor = Martinelli parameter,

. \0:50 0.50 7 W, \0.50
Xp = 169 (——" L ) (-P = ) ( —L) Reg =04
e pL We

< ML )0.10( Pc )0.50( W]. )0.90
Xtt pemmy — _— W
PL G

]
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y = distance from wall, R — r
+ = dimensionless distance from wall, y* = yu®/»
dpy/dz = frictional pressure gradient

Greek Letters

o = parameter characterizing shear variation in film,
a = — gv./ u®3

B = void fraction of the liquid

€ = eddy viscosity

v = function of liquid film Reynolds number, y =
[(0.707 Repr?)25 + (0.0379 Repz0-90)2.570-40

K = van Karman constant

pc = gas density

pr = liquid density

#e = gas viscosity

pr = liquid viscosity

ve = gas kinematic viscosity in units of length squared
over time

vy, = liquid kinematic viscosity

7+ = dimensionless shear stress, +t = /7,

Te = characteristic shear stress

7 = interfacial shear stress

Ts = shear stress which would exist in a smooth tube

sw = wall shear stress
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Mass Transfer of Dissolved Gases
Through Tubular Membrane

Mass transfer characteristics are studied theoretically and experimentally
for dissolved oxygen and carbon diexide in fully developed laminar flow
through a gas permeable membrane tubing. The gas transfer rate is cor-
related with the liquid flow rate and tubing size. Membrane resistance to-
gether with liquid phase resistance determine the overall mass transport rate.

THOMAS E. TANG
and
SUN-TAK HWANG

Division of Materials Engineering
The University of lowa
fowa City, lowe 52242

SCOPE

In recent years, polymer membranes have been em-
ployed in industry as media for the separation or pur-
ification of mixtures which are otherwise difficult to
separate economically (Lacey and Loeb, 1972; Hwang
and Kammermeyer, 1975). Membrane processes such
as dialysis, electrodialysis, reverse osmosis, and gas sep-
aration are often limited by slow solute transport in the
liquid phase.

Liquid phase resistance to dissolved gas permeation
was not recognized in earlier work (Yasuda, 1967). Later,
the importance of liquid boundary resistance was re-
ported by Hwang et al. (1971) in their study of the effect
of membrane thickness on permeability. Recently, how-
ever, liquid resistance has been considered as the rate
controlling resistance, and membrane resistance is usually
ignored. In this paper both membrane and liquid re-
sistances are taken into consideration to treat the general
case, and the significance of membrane phase resistance

relative to the liquid phase resistance is studied. Water
containing low oxygen or high carbon dioxide content
was passed through silicone rubber membrane tubing.
Oxygen in the atmosphere permeates through the mem-
brane into water, and the dissolved carbon dioxide per-
meates back into the atmosphere. The dissolved gas
concentration and wall flux vary along the tube length.
This boundary condition differs from the common as-
sumption of constant concentration or constant wall flux.

The solution to this problem reveals the significance
of membrane resistance to the gas transfer under various
operating conditions, It provides information as to when
membrane resistance can and cannot be neglected. The
results developed in this paper can be applied to predict
the performance of other membrane processes and to
evaluate transport parameters, such as membrane per-
meability and solute diffusivity.

CONCLUSIONS AND SIGNIFICANCE

Permeation rates of dissolved oxygen and carbon diox-
ide in laminar water flow are measured under various
experimental conditions. The theoretical concentration
profile of dissolved gas is obtained by numerical solution
for a general case, in which membrane resistance is not
negligible compared with the liquid phase resistance. The
changes in cup mixing concentration are correlated with
the dimensionless tube length X and the system param-
eter E. The agreement between theoretical values and

Thomas E. Tang is with Dalton Research Center, University of Mis-
souri, Columbia, Missouri 65201.
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experimental data is shown to be satisfactory for many
different experimental conditions. The upper bound is
calculated for the change of cup mixing concentration
by neglecting membrane resistance. It is found that the
membrane resistance becomes a significant part of the
overall resistance to the dissolved gas permeation when E
< 30 and/or X < 0.01. For practical application and con-
venience, a performance coefficient ¢ is defined as flux
per unit initial pressure gradient, which can be theoret-
ically calculated. A good agreement is achieved between
the theory and experimental results.
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